
Electron–Phonon Coupling in Coherent
Two-dimensional Electronic Spectroscopy

V. Butkus1,2 and T. Mančal1
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Abstract. Two-dimensional optical spectroscopy has the capacity to probe
electronic, vibrational and relaxation dynamics in molecular systems on the
femtosecond time scale. Usually in theoretical descriptions of non-linear response
only the electronic degrees of freedom are considered explicitly while the electron-
phonon interaction is taken into account by the second-order perturbation of the
system and phonon bath interaction. This approach is not sufficient to explain some
recent experimental results of molecular complexes, where the spectral features of
the vibrational nature are evident. In this work, theoretical approach that allows
an explicit inclusion of vibrational levels in simulations of two-dimensional spectra
is presented. The method combines advantages of two different simulation schemes,
the response function theory and the direct simulation of spectra by equations
of motion. In the resulting spectra, vibrational wave packet dynamics as well as
pulse-shape related spectral signatures are directly observed.

Introduction

Two-dimensional (2D) coherent optical spectroscopy is an analogue to multi-dimensional
techniques of nuclear magnetic resonance (COSY, NOESY). The photon-echo signal is obtained
in a four-wave mixing (FWM) experiment using ultrashort laser pulses in visible or IR regions
(Jonas [2003]; Cho [2008]). The FWM experiments are the simplest nonlinear techniques avail-
able for isotropic systems, capable of probing dynamical phenomena on microscopic/nanoscopic
scale by utilizing ultrashort laser pulses. In the time domain these are performed by apply-
ing either two-pulses (like pump-probe) or three-pulses (homodyne three-pulse photon echo),
or four-pulses (coherent heterodyned signals) to generate and detect the desired signal. The
non-linear signal is generated by the induced third order polarization, which is a parametric
function of the delays between incident laser pulses and the detection time.

The FWM experiment scheme with the heterodyne detection is presented in Fig. 1a. The
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Figure 1. (a) 2D photon-echo experiment scheme and definitions of variables; (b) example of
2D spectrogram; inhomogeneous and homogeneous lineshape widths are identified as σinh and
σh, respectively.
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sample is excited by three ultra-short laser pulses propagating in directions k1, k2 and k3 at
times τ1, τ2 and τ3, respectively. The heterodyne pulse (local oscillator) is denoted as kh. The
non-linear (third-order) polarization is created within the sample and it is the source of the
response signal. In the experiment, a phase-matching condition is satisfied. In this case, the
measured electric field is directly proportional to the third-order polarization,

E(r, t) ∝ P (3)(r, t). (1)

Due to nonlinear processes undergoing within the sample the signal is generated in directions
±k1±k2±k3. Signal, exclusively generated in kPE = −k1 +k2 +k3 direction, is denoted as the
rephasing photon-echo (PE) signal since the rephasing in the system is opposite after the first
and third interaction and at τ = t the inhomogeneous broadening is eliminated. In spectra it
is observed as peak elongation along the main diagonal. Similarly, signal, generated at non-PE
direction +k1 − k2 + k3, is denoted as the non-rephasing. It does not have inhomogeneous
contribution eliminated and the peak lineshapes are oriented in anti-diagonal direction. The
analogous signal would be measured in the PE direction kPE if the first and second pulses were
switched (assuming τ < 0). The sum of rephasing and non-rephasing signals gives the total
pump-probe-like spectra (Abramavicius et al. [2009]; Pisliakov et al. [2006]; Cheng and Fleming
[2008]). Usually the real part of the total or rephasing spectra is used for interpretation. The
time delays between adjacent laser pulses (τ and T ) are controlled with a high precision. In
addition to the generated signal detection time t, the delays constitute a three-variable set,
by which the non-linear response signal P (3)(τ, T, t) and polarization dynamics of ultra-fast
molecular processes are fully characterized. A two-dimensional one-sided Fourier transform of
the first delay time interval and signal detection time, that is, τ → ωτ and t→ ωt, is applied to
the signal:

W (ωτ , T, ωt) =

∞∫
0

dτe−iωτ τ

∞∫
0

dte−iωttP (3)(τ, T, t). (2)

The transformed function W (ωτ , T, ωt) can be plotted as two-dimensional spectrograms with
the second delay time T as the system evolution parameter. Since different delay times are
independent parameters, the time resolution of the 2D spectra (T delay) is in principle unrelated
to the frequency resolution (ωτ and ωt), what is never available in a classical pump-probe signal.
An example of 2D spectrum is presented in Fig. 1b.

2D spectra provide a great amount of information about the system, therefore they are
usually very hard to interprete due to congestion of spectral elements. However, some rules
concerning positions and shapes of the peaks can be considered. Diagonal and off-diagonal
peaks in the spectra have different dynamics. The diagonal peaks represent the eigenstate
dynamics and at T = 0 the diagonal cut of the spectrum reproduces an absorption spectrum.
The off-diagonal elements represent correlations of the eigenstate dynamics and are assigned
to the quantum coherent states of the system. An absence of a cross-peak shows that the
attributed eigenstates are not coupled. Homogeneously broadened peaks are usually assigned
to the population transfer between the eigenstates during time interval T .

Physical model

We are considering systems of a single vibrational mode. Vibrational levels are arranged
in a stacked structure of the ground, excited and double excited state manifolds (Fig. 2). The
excited state manifold is shifted with respect to the ground state.

It is convenient to use the density operator formalism in description of open molecular
systems. The general system can be characterized by a basis set {|ψj〉} and a time-dependent
wavefunction Ψ(t), that is a normalized solution of the time-dependent Schrödinger equation.
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The density operator is then defined as

ρ̂(t) ≡ |Ψ(t)〉〈Ψ(t)〉 =
∑
jk

cj(t)c∗k(t)|ψj〉〈ψk|. (3)

The expectation value of a measured quantity A is

Ā(t) =
∑
jk

ρjk(t)Akj = tr
{
ρ̂(t)Â

}
. (4)

Such density operator represents a pure quantum mechanical state of the system. It is an
alternative description of the system, containing the equivalent information as the wavefunction.
Advantages of using density operator arise when we are considering systems, whose states are
not completely known. That is the case for the open systems, where the coupling to the states
of the reservoir must be considered. The density operator is then defined as the statistical
mixture of states,

ρ̂(t) =
∑

j

Pj |Ψj(t)〉〈Ψj(t)| =
∑
ijk

Picij(t)c∗ik(t)|ψj〉〈ψk|, (5)

where Pi is the probability for the system to be in state |Ψi(t)〉. Such density operator describes
the statistical mixture of states – the system is said to be in a mixed quantum mechanical state.
In the measurement, the pure states are observed with the given probabilities, therefore, the
expectation value of the variable is obtained using mixed state density operator in the same
way as using pure state density operator (Eq. (4)).

In general, the density operator is non-diagonal. The diagonal elements of the density
operators are denoted as populations, while the off-diagonal elements represent quantum coher-
ences between the different states of the site basis. 2D spectroscopy allows to directly probe
the dynamics of quantum coherences and populations as the off-diagonal and diagonal elements
of 2D spectrotrams, respectively.

Equation of motion for system density operator

The equation of motion of the system density operator is Liouvile von Neumann equation:

∂

∂t
ρ̂(t) = − i

~

[
Ĥmol − µ̂E(r, t), ρ(t)

]
, (6)

The molecular Hamiltonian in the commutator on the right hand-side of the equation describes
the system quantum-mechanically. The µ̂E(r, t) operator represents a quantum system in-
teraction with the classical electric field. The system-bath interaction is also included in the
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Figure 2. Energetic structures of three-manifold systems and corresponding linear absorption
spectrum (a) with a single ground state and (b) two ground states. The energy difference
between adjacent manifolds ωeg and oscillator frequency ω0 are denoted as well.
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molecular Hamiltonian. The electric field is defined as three pulse sequence

E(r, t) =
∑
j=1

E(t− τj)e−iΩt+ikjr + c.c., (7)

where E(t) is the Gaussian-shaped pulse envelope. The commutators in the equation of motion
can be represented by superoperators for the molecular and interaction parts, respectively

∂

∂t
ρ̂(t) = − i

~
Lmolρ̂(t) +

i
~
Lintρ̂(t). (8)

Defining the evolution operator with respect to the molecular part as

U(t) = exp
(
− i

~
Lmolt

)
(9)

and the density operator in the interaction picture

ρ̂I(t) = U(−t)ρ̂(t), (10)

the equation of motion can be rewriten as the sum of two products, where the dipole moment
operator acts either from the left or right,

∂

∂t
ρ̂I(t) =

i
~
U(−t)Lintρ̂(t)

=
i
~
U(−t)µ̂U(t)ρ̂I(t)E(t)− i

~
U(−t)

{
U(t)ρ̂I(t)

}
µ̂E(t). (11)

Simulation method

The convenient form of the equation of motion of the density operator (Eq. (11)) enables
us iterationally integrate the equation of motion. At the equilibrium before the first interaction
with electric field, system density operator can be represented as a diagonal matrix of the ground
state manifold,

ρ̂gg = Z−1
∑

i

exp(−Ei/kBT )|gi〉〈gi|, (12)

while the matrix elements for the other manifolds are zeros. The equation of motion for the
first interaction then is

∂

∂t
ρ̂I

eg(t) =
i
~
Ueg,eg(−t)µegUgg,gg(t)ρ̂I

gg

[
E(t− τ1)e−iΩt+ik1r + E∗(t− τ1)eiΩt−ik1r

]
− i

~
Uge,ge(−t)Ugg,gg(t)ρ̂I

ggµge

[
E(t− τ1)e−iΩt+ik1r + E∗(t− τ1)eiΩt−ik1r

]
. (13)

The dipole moment, acting from the left or right, results in elements of different blocks of the
density matrix. The “left” part is the equation for motion of the |e〉〈g| coherences, the “right”
part – of |g〉〈e| coherences. Extracting the rapid oscillations of the inter-state frequencies from
the evolution operator by definition of Ueg,eg(t) = Ũeg,eg(t) exp(−iωegt), the Rotating-Wave
Approximation (RWA) can be applied. The resulting expression for the |g〉〈e| coherences is

∂

∂t
ρ̂I

ge(t) =
i
~
Ũge,ge(−t)µegUgg,gg(t)ρ̂I

ggE∗(t− τ1)ei(Ω−ωeg)t−ik1r. (14)

The equation for the |e〉〈g| coherences is hermitian conjugate. Since the signal direction is
kPE = −k1 + k2 + k3, the corresponding spatial factors in the equation of motion must be
maintained. Analogously to Eq. (16), equations of motion after the second interaction can be
constructed:

∂

∂t
ρ̂I

gg(τ, t) =
i
~
Ugg,gg(−t)Ũge,ge(t)ρ̂I

ge(t)µegE(t− τ2)e−i(Ω−ωeg)t+ik2r, (15)
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Figure 3. Evolution of 2D spectra of three-manifold system with a single vibrational level in
the ground state (a) and with two vibronic levels in the ground state (b).

∂

∂t
ρ̂I

ee(τ, t) =
i
~
Uee,ee(−t)µegŨge,ge(t)ρ̂I

ge(t)E(t− τ2)e−i(Ω−ωeg)t+ik2r. (16)

Third interaction creates coherences ρ̂eg or ρ̂fe:

∂

∂t
ρ̂I

fe(τ, T, t) =
i
~
Ũfe,fe(−t)µfeUee,ee(t)ρ̂I

ee(τ, t)E(t− τ3)e−i(Ω−ωfe)t+ik3r, (17)

∂

∂t
ρ̂I

eg(τ, T, t) =
i
~
Ũeg,eg(−t)Uee,ee(t)ρ̂I

ee(τ, t)µegE(t− τ3)e−i(Ω−ωeg)t+ik3r

+
i
~
Ũeg,eg(−t)µegUgg,gg(t)ρ̂I

gg(τ, t)E(t− τ3)e−i(Ω−ωfe)t+ik3r, (18)

that are further measured as the third-order polarization

P (3)(τ, T, t) = tr {µ̂ρ̂(τ, T, t)} = µ̂egUeg,eg(t)ρ̂I
eg(τ, T, t) + µ̂feUfe,fe(t)ρ̂I

fe(τ, T, t). (19)

Results and discussion

An explicit representation vibrational levels will result in number of differences in 2D
spectra compared to spectra, obtained using traditional response function theory for excitonic
systems (Cho [2008]; Abramavicius et al. [2009]). Here we are analyze two different systems
with three manifolds of the ground, excited, and double excited states, represented as the
shifted harmonic oscillators (Fig. 2), using the theoretical approach described above. The first
configuration (Fig. 2a) has an identical level structure as the coupled excitonic dimer (Kjellberg
et al. [2006]; Cho and Fleming [2005]; Pisliakov et al. [2006]; Abramavicius et al. [2010]) and
the second system (Fig. 2b) has additional vibrational level in the ground state. The oscillator
frequency is ω0 ≈ 2.7kBT , therefore no contribution of the |g2〉 → |e1〉 transition is seen in
absorption spectra.

However, 2D spectra of these two systems show are different. For the system of a single
ground state, the cross-peaks do not show any oscillation dynamics, that would be expected in
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a coupled excitonic system, denoting the quantum coherence beatings during population time
T . Since in our model the eigenstates of the system are just different vibrational levels of the
same mode, coherence beatings, induced by the different excitations pathways cancel each other
and the non-evolving cross-peaks are created by excitation pathways, where the ground state
populations of the density operator are maintained during T . In case of two vibrational levels
in the ground state, additional cross-peaks of the lower energy, representing transitions to the
upper vibrational level of the ground state manifold arise. 2D spectra demonstrate fluctuations
of some off-diagonal elements (pointed by arrows in Fig. 3b).

Conclusions

The developed theoretical model has the advantages of taking into account the electron-
phonon coupling as the explicit vibrational levels compared to the response function theory
where the electron-phonon coupling is taken into account by means of the second-order pertur-
bation of the system-bath interaction and the simulation of vibrational levels is accomplished
by a direct modulation of the lineshape function. In this paper, two different three-manifold
systems were simulated using our approach. The resulting spectra of these systems show ev-
ident discrepancies both in number of spectral elements and their oscillations. Application of
this approach for larger systems may help in understanding some recent experimental results of
2D spectroscopy of the systems showing strong vibrational features, while the response function
theory is not capable to do that.
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